Abstract. First we de®ne the notion of k-Ricci curvature of a Riemannian nmanifold. Then we establish sharp relations between the k-Ricci curvature and the shape operator and also between the k-Ricci curvature and the squared mean curvature for a submanifold in a Riemannian space form with arbitrary codimension. Several applications of such relationships are also presented.
1. Introduction. According to the well-known Nash's immersion theorem, every Riemannian n-manifold admits an isometric immersion into the Euclidean space E n(n+1)(3n+11)/2 . In general, there exist enormously many isometric immersions from a Riemannian manifold into Euclidean spaces if no restriction on the codimension were made. For a submanifold of a Riemannian manifold there associate several extrinsic invariants beside its intrinsic invariants. Among extrinsic invariants, the shape operator and the squared mean curvature are the most important ones. Among the main intrinsic invariants, sectional, Ricci and scalar curvatures are the well-known ones.
One of the most fundamental problems in submanifold theory is the following.
Problem 1. Establish simple relationship between the main extrinsic invariants and the main intrinsic invariants of a submanifold.
Several famous results in dierential geometry, such as isoperimetric inequality, Chern-Lashof's inequality, and Gauss-Bonnet's theorem among others, can be regarded as results in this respect. For some recent progress in this direction, see for instances [2±8] .
In this paper we consider isometric immersions of a Riemannian manifold into Riemannian space forms with arbitrary codimension. In Section 2 we extend the well-known notion of Ricci curvature to k-Ricci curvature for a Riemannian manifold. In Section 3 we obtain a solution to Problem 1 by establishing a sharp relationship between the k-Ricci curvatures and the shape operator for submanifolds in Riemannian space forms with arbitrary codimension. In Section 4 we obtain another solution to Problem 1 by establishing a sharp relationship between the k-Ricci curvatures and the squared mean curvature also for submanifolds in Riemannian space forms with arbitrary codimension. Results obtained in this paper can be regarded as generalizations of some results obtained in [4] . 
where K ij denotes the sectional curvature of the 2-plane section spanned by e i , e j . We simply called such a curvature a k-Ricci curvature. The scalar curvature
n is said to be k-Einsteinian at p. An l-plane section V l is said to have constant sectional curvature if it is 2-Einsteinian; in this case, sectional curvatures of all 2-plane secions in V l are equal. It follows from (2.5) that an l-plane section is 2-Einsteinian if and only if it is k-Einsteinian for some k<l.
A Riemannian manifold is called k-Einsteinian if it is k-Einsteinian at every point. Obviously, a Riemannian n-manifold is an Einstein space if it is n-Einsteinian. On the other hand, a Riemannian n-manifold is a Riemannian space form if it is kEinsteinian for some k<n.
3. k-Ricci curvature and shape operator. The main purpose of this section is to obtain a solution to Problem 1 by establishing a sharp relationship between the kRicci curvature and the shape operator for a submanifold in a Riemannian space form with arbitrary codimension. In order to do so, for each integer k, 2 k n, we introduce a Riemannian invariant, denoted by k , on a Riemannian n-manifold M n de®ned by
where L k runs over all k-plane sections in T p M and X runs over all unit vectors in L k . Recall that for a submanifold M n in a Rieniannian manifold, the relative null space of M n at a point pPM n is de®ned by Proof. Let {e 1 ,F F F,e n } be an orthonormal basis of T p M n . Denote by L i 1 FFFi k the kplane section spanned by e i 1 ,F F F,e i k . It follows from (2.5) and (2.6) that 
From the equation of Gauss we get
QXII Using (3.1) and (3.11) we ®nd a 1 a 2 Á Á Á a n ! n À 1 k p À cY QXIP with the equality holding if and only if
for any k-plane section L which contains e 1 .
Inequality (3.12) implies
Similar inequalities hold when 1 were replaced by jP{2,F F F,n}. Hence, we have
Now, suppose that the equality case of (3.16) is achieved for some unit vector X P T p M n . Then at least one of the n eigenvalues of A H is equal to (nÀ1)( k (p)Àc)/n. Without loss of generality, we may assume a 1 is such an eigenvalue. Thus, we have
On the other hand, from (3.14) and (3.17) we obtain a 1 =0 and k p c. Moreover, in this case we also know from (3.13) that e 1 must lie in the relative null space N p . Hence, statements (1) and (2) follow. Moreover, this also implies one part of statement (3). The remaining part of statement (3) is obvious. Now, if A H nÀ1 n k À cI identically at a point p, then every tangent vector of M n at p lies in the relative null space N p at p, according to statement (3) . Therefore, p is a totally geodesic point. Conversely, if p is a totally geodesic point, then k (p)=c and A H =0 which imply A H nÀ1 n k À cI identically at a point p. Thus we have statement (4) . & Remark 1. Clearly the estimate of A H given in statement (2) of Theorem 1 is sharp.
Consider a hyper-ellipsoid in E n+1 de®ned by
1Y QXIV where 0<a<1. The principal curvatures a 1 ,F F F,a n of the hyper-ellipsold are given by (cf.
[9])
Therefore, for any k, 2 k n, the k-Ricci curvatures at a point p satis®es
for any k-plane section L k and any unit vector X in L k and, moreover, the eigenvalues 1 ,F F F, n of the shape operator A H are given by 1 Á Á Á nÀ1 a n À 11 aa À 1x as a30. This example shows that our estimate of A H in statement (1) is also sharp.
One may apply Theorem 1 to obtain a lower bound of the eigenvalues of the shape operator A H for all isometric immersions of a given Riemannian nmanifold with arbitrary codimension. For instance, Theorem 1 implies immediately the following. For an n-dimensional submanifold M n in E m let E n+1 be the linear subspace of dimension n+1 spanned by the tangent space at a point pPM and the mean curvature vector H(p) at p. Geometrically, the shape operator A n+1 of M n in E m at p is the shape operator of the orthogonal projection of M n into E n+1 . Moreover, it is known that if the shape operator of a hypersurface in E n+1 is de®nite at a point p, then it is strictly convex at p. For this reason a submanifold M n in E m is said to be H-strictly convex if the shape operator A H is positive-de®nite at each point in M n .
Theorem 1 implies immediately the following.
Corollary 3. Let M n be a submanifold of a Euclidean space with arbitrary codimension. If there is an integer k, 2 k n, such that k-Ricci curvatures of M n are positive, then M n is H-strictly convex.
2. Ricci curvature and squared mean curvature. In this section we give another solution to Problem 1 by establishing a sharp relationship between the k-Ricci curvature and the squared mean curvature. 
